Abstract. We derive the conserved vectors for the nonlinear two-dimensional Euler equations describing nonviscous incompressible fluid flows on a three-dimensional rotating spherical surface superimposed by a particular stationary latitude dependent flow. Under the assumption of no friction and a distribution of temperature dependent only upon latitude, the equations in question can be used to model zonal west-to-east flows in the upper atmosphere between the Ferrel and Polar cells. As a particualr example, the conserved densities are analyzed by visualizing the exact invariant solutions associated with the given model for the particular form of finite disturbances for which the invariant solutions are also exact solutions of Navier-Stokes equations.
Introduction
The presence of Coriolis effects originates the general west-to-east flows caused by the Earth's rotation which are related to jet streams, i.e., zones of fastmoving west-to east winds in the upper atmosphere between the Ferrell and Polar cells. Such flows exist due to the presence of the cold North and South poles and warm equator so that the pressure is low at high latitudes above the poles and is high in the temperature zones and even higher in the equatorial zones.
In almost all oceanographic applications, e.g., meteorology, the effects of rotation and the spherical shape of the Earth cannot be ignored and so the large-scale atmospheric dynamics is usually described by latitude-dependent Euler or Navier-Stokes three-and two-dimensional flows on a rotating spherical surface ( [6] , [7] ; [25] , [26] , [20] , [18] ) or within the theory of shallow water approximation (see e.g., [36] , [31] , [23] ; [21] and [35] ). In particular, since non-steady westerly winds in the southern hemisphere are an important force contributing to climate modulation ( [34] , [1] ), understanding of the large-scale atmospheric dynamics is the topic of current extensive research. For example, recent studies by Shindell and Schmidt, [28] suggest that global worming has increased the temperature difference between the southern, mid-, and highlatitudes and loss of Antarctic ozone have contributed to this increase. Additionally, as has been shown in [11] , owing to the Coriolis forces, the temperature difference between the equator and the poles of a sphere gives rise to the waves advancing in the direction of the meridian and the waves propagating along the circles of latitude. The atmospheric motion modulated by the pressure distribution resulting from the combination of the latter two groups of intersecting waves give rise to the cyclonic and anticyclonic phenomena which are nowadays a paramount topic of research in atmospheric modeling. Particularly, the mechanisms of cyclone formation in the Earth's atmosphere have been recently studied by Belotserkovskii et al. [4] by means of numerical modeling of the complete gas-dynamic equations. Recent laboratory experiments on cyclone and anticyclone formation in a rotating stratified fluid have been studied in [8] . The importance of understanding the formation of cyclones and their time evolution in the Earth's atmosphere for the creation and distribution of weather systems throughout the world is summarized in Summerhayes & Thorpe [30] .
The problem forming our main focus of interest here is to consider long waves progressing in the earth's atmosphere, which are captured by the rotation of the earth with the further goal to analyze and visualize the effects of rotation on the conserved densities corresponding to the Lagrangian associated with the nonlinear Euler equations modeling nonlinear atmospheric motion around the rotating earth. The possibility of extension to the case of Navier-Stokes flows is also discussed in this work.
The inquiry is motivated by dynamically significant Coriolis forces in modeling of large-scale oceanic and atmospheric motion with applications to meteorology, climate variability models, the general atmospheric circulation model, weather prediction, and a variety of applications to large-scale dispersant operations e.g. Deepwater Horizon incident studied recently in [12] .
For completeness, we write explicitly the three-dimensional Navier-Stokes (NS) equations in spherical coordinates using the notation as in Bachelor, [2] (see also Lamb, [24] ):
where Ω = 2π rad/day ≈ 0.73 × 10 −4 s −1 is the rate of the earth's rotation and
is the Laplacian in spherical coordinates. In the above system, r, φ and θ denote the radius, azimuthal (increasing by going east) and polar (increasing by going south) angle, respectively. The associated velocity components are u r , u φ and u θ , respectively, and p denotes the pressure and ν is kinematic viscosity.
Since the velocity vector − → u and the pressure p are coupled together by the incompressibility constraint (1.5), ∇ · − → u = 0, it is difficult to analyze the full set of three-dimensional equations (1.1) -(1.3). A common approach to simplify the nonlinear model in the question is to use artificial methods such as pressure stabilization and projection [29] . However, as has been shown in [29] , the error estimate of the pressure stabilization and projection methods is not mathematically precise.
Another approach to reduce the complexity of the governing equations of geophysical fluid dynamics is to consider submodels thereof. The latter usually take into account several simplifications that make them adapted for distinct physical processes or that render them valid only on well-defined spatial or temporal scales. One of the most relevant simplifications which can be reasonably implemented in the atmospheric sciences is that of the two-dimensionality of the large-scale flow [20] ; [18] . This reduction in dimensionality greatly simplifies the structure of the dynamical part of the governing equations, which can be consistently described by some forms of the two-dimensional Euler or Navier-Stokes equations [33] . Though they are still coupled systems of nonlinear partial differential equations, much is known by today about the long-term behavior of these systems.
In terms of physical interpretation, our reduction (see also [13] ) consists in considering the fluid flows on a sphere of radius r, such that r 0 < |r| < r 0 + ǫ, where ǫ is a nondimensional small parameter that represents the thickness of the spherical shell. Thus in the limiting case ǫ → 0, we must set u r = 0. In addition, since the atmosphere neither loses nor gains mass from outside, we naturally assume that (ρu r ) → 0 as r → ∞, where ρ is the density. However, there exists a height for which ρu r attains a maximum (the other possibility corresponds to the case when the vertical velocity u r = 0), i.e. when
It is thus postulated in the present work that at least one such level exists for the entire atmosphere of the earth. We call it the "mean level". In practice (see e.g. Refs. [6] ; [7] and [4] ), we can speak about it as a level of 3-5 km. Thus in the limit ǫ → 0, the non-stationary three-dimensional viscous rotating fluid flow is confined on a sphere of the radius r 0 parametrized by the polar and azimuthal angles θ and φ.
In terms of rigorous mathematical treatment, the latter reduction (1.6) can also be deduced from the result of Theorem B in [33] , which states that provided the initial data u (r, θ, φ) is smooth enough, the strong global solution u (r, θ, φ, t) of the three-dimensional Euler equations converges as ǫ → 0 to the strong global solution v (θ, φ, t) of the two-dimensional Euler equations on the sphere, where
The vector v (θ, φ, t) can be interpreted as the average velocity with respect to r. The resulting form of the two-dimensional Euler or NS equations which is of immediate interest in large-scale atmospheric dynamics in a thin atmospheric layer on a sphere rotating with constant angular velocity Ω is
where R e ∝ ν −1 is the Reynolds number, R 0 ∝ Ω −1 is the Rossby number (which is the ratio of inertial to Coriolis force) and
is the Laplace-Beltrami operator in spherical angles. The latter reduction relies on the theorem from the work [33] .
We represent the solution of the model (1.8) -(1.10) in the form 12) where µ > 0 is a (not necessarily small) parameter, F (θ) is an arbitrary function of its argument and p is the mean pressure in the thin atmospheric layer studied. Variables with hats are to be interpreted as disturbance quantities. Physically, this ansatz corresponds to finite disturbances that are superimposed to a zonally averaged mean flow having only a latitudinal dependence. Particularly, the presence of Coriolis effects originates the general west-to-east flows caused by the Earth's rotation which are related to jet streams, i.e., zones of fast-moving west-to east winds in the upper atmosphere between the Ferrell and Polar cells. Such flows exist due to the presence of the cold North and South Poles and warm Equator so that the pressure is low at high latitudes above the poles and is high in the temperate zones and even higher in the equatorial zones. Thus as has been discussed in [11] and [4] , under the assumption of no friction, and a distribution of temperature dependent only upon latitude and altitude, the stationary solution (1.10) can be associated with a zonal flow directed from the west to east. The experimental results in [8] justify the conclusions on existence of such zonal flows discussed in [11] . After dropping the hat symbol, equations for disturbances are written as
where prime means differentiation and, without loss of generality, we set µ = 1 in front of quadratic terms.
In this work, we are mostly focused on the particular case of nonviscous flows, i.e., when R e → ∞. However, a discussion of a possible extension of our analysis to the case of nonzero viscosity is presented in the last section of this work.
By introducing a stream function ψ for the disturbance velocities, i.e., 16) and taking the curl of Eqs. (1.13) and (1.14), one arrives at the vorticity equation in the limiting case R e → ∞ :
where the vorticity ζ is related to the stream function ψ through the Laplacian in spherical geometry,
and
is the Sturm-Liouville operator for the associated Legendre functions. Additionally,
stands for the nonlinear Jacobian operator with the subscripts meaning the partial differentiation.
Background
In terms of group theoretical modeling, the dynamics of the system in the question can often be described by means of the formal Lagrangian and the adjoint equations [22] , [16] . The construction of conservation laws can be deduced from the Noether's theorem [27] that manifests a connection between symmetries and conservation laws for variational problems and thus provides a simpler procedure for construction of conservation laws for equations with known symmetries. Namely, our algorithm in finding the formal Lagrangian and conservation laws is based on Theorem 2.3 in [22] which states that any system (linear or nonlinear) of s th −order of differential equations
conserved together with its adjoint equation
has a Lagrangian, where x = x 1 , ..., x n be n independent variables, u = u 1 , ..., x m be m dependent variables, u (1) , . . . , u (s) denote the sets of partial derivatives of the respective orders, e.g.
and w = w 1 , ..., w m are new dependent variables. Namely, according to [22] , the Lagrangian L is given by
As will be outlined in sequel of this work, the nonlinear model (1.13) -(1.15) describing the dynamics of atmospheric motion in a thin rotating shell considered in Section 3 has a remarkable property to be self-adjoint for a specific choice of F (θ). This property is crucial for constructing conservation laws provided in the present study.
Although it is a common belief that the applicability of Noether's theorem is restricted because Lagrangians exist only for very special types of differential equations, it has been shown in Ref. [22] that one can associate conservation laws with symmetries of any partial differential equation using the concept (2.2) of a formal Lagrangian.
In general, the conservation equation is written [22] as
Particularly, the direct application of the general conservation theorem demonstrated in [22] shows that the components C i of the conservation law (2.4), or more concisely, D i (C i ) = 0, for the model in question admitting the group in the general form
can be written as
where
3. Self-adjointness and formal Lagrangian
As will be shown in this section, the nonlinear system (1.17) describing the dynamics of atmospheric motion in a thin rotating shell has a remarkable property to be self-adjoint only for certain choice of the finite disturbances F (θ) .
where k is an arbitrary constant. This choice is crucial for constructing conservation laws provided in the present study. Somewhat surprisingly, the same choice of F provides the invariant (exact) solutions for the Navier-Stokes flows, i.e. when R e = ∞. For investigating the self-adjointness, we write equation (1.17) in the form
3)
) 5) in which the Sturm-Liouville operator L 1 for the associated Legendre functions is given by formula (1.19). Then, using notation as in Ref. [22] , the adjoint equation to Equation (3.2) is written as
with
where w is a new dependent variable. By definition of the variational derivative δ/δψ, we have, e.g.
and so forth. Working out the differentiations, we obtain
It is manifest that letting here w = ψ we obtain Ω * 1 = −Ω 1 and Ω * 2 = −Ω 2 holds when w = ψ if and only if the function F (θ) solves the equation
i.e., if F (θ) is given by (3.1) .Finally, the reckoning shows that the equation Ω * 3 = −Ω 3 holds when w = ψ. To summarize, Equation (1.17) is self-adjoint (i.e., the adjoint equation (3.6) coincides with equation (3.2) upon the substitution w = ψ) provided that F (θ) has the form (3.1).
Solution of the determining equations shows that the maximal symmetry group admitted by the equation (1.17) with F (θ) given by (3.1), and two parameters µ and R 0 = ∞ is generated by the infinitedimensional Lie algebra spanned by the following operators:
10)
11) 12) where γ(t) in the operator X 3 is an arbitrary function. For the purpose of our work it is convenient to rewrite equation (1.17) in the form
Recall that L is the formal Lagrangian for equation for (3.13) and that it should be written in the symmetric form which, for the case of arbitrary F (θ) , was calculated in [17] as
Model of Nonlinear Atmospheric Flows
Since we are interested in the nonlinearly self-adjoint case, we now consider the case when F (θ) has the form (3.1). We let v = ψ due to the self-adjointness of equation (1.17) and obtain
Calculation of conserved vectors
We calculate in this section all conserved vectors associated with the Lie point symmetries of equation (1.17). Using notation x 1 = t, x 2 = θ, x 3 = φ, we write the conservation law for the vector (2.6) in the form (2.4). The conserved vectors have been computed using the package MAPLE.
Conserved vector associated with X 1
We begin with finding all components C 1 , C 2 and C 3 of the conservation equation (??) associated with the symmetry X 1 . Following notation in Ref. [22] , the component C 1 of the conserved vector is referred to as the conserved density. Here W = −ψ t and the computation gives the conserved vector with the components
It is shown in [17] that the conserved density (4.1) is trivial, namely it can be written in the divergent form C
where Λ is defined in equation (3.13) and
Therefore one can nullify C 1 by transferring the terms D θ (Θ) and D φ (Φ) into C 2 X1 and C 3 X1 , respectively. As a result, we first obtain
It follows that the vector (4.1) -(4.3) is equivalent to the trivial conserved vector
C = (−ψΛ, 0, 0) .
Conserved vector associated with X 2
For the symmetry X 2 from (3.9) we obtain
Calculating further we see that the conserved vector has the form
Hence the symmetry X 2 provides the trivial conserved vector (0, 0, −ψΛ) .
Conserved vector associated with X 3
For the symmetry X 3 we obtain the following nontrivial conserved vector:
For this vector the conservation equation is satisfied in the form
Conserved vector associated with X 4
The symmetry X 4 provides a nontrivial conserved vector. Namely,
The conserved density (4.8) can be reduced to the form
where Θ and Φ are the same as in equation (4.4). For C 2 X4 and C
3
X4 we obtain
In this case the conservation equation (2.4) has the form
Conserved vector associated with X 5
Considering X 5 we obtain the conserved vector
The conservation equation (2.4) has the form
Conserved vector associated with X 6
Finally, using the symmetry X 6 we obtain the similar conserved vector:
12)
where τ is defined by (4.11) . Correspondingly, the conservation equation (2.4) has the form
Applications
As an illustration to our calculations, the remainder of this article is devoted to discussion and visualization of the particular conserved densities
given by (4.1) and (4.8) respectively. As shown in our recent work in Ref. [15] , the two exact nonstationary solutions for the nonlinear model (1.17) in the limiting case R e = ∞ (non-viscous fluid) can be written in terms of the stream function ψ for an arbitrary disturbance F (θ) as
where λ = sin θ cos τ and Φ (λ) = c 1 + c 2 ln
in which τ is given by (4.11) and c 1 and c 2 are constants that are determined from the boundary conditions. Namely, as has been discussed in Ref. [13] the solution for the truncated spherical layer
were defined on the closed interval θ 0 < θ π − θ 0 for θ < θ 0 < π/2 is subject to the boundary conditions meaning that the components of the vorticity
vanish at the singular end points of the domain. Without loss of generality, the spherical layer S 0 is truncated symmetrically at the two rings located in the northern and southern hemispheres so that the velocity components and pressure terms associated with the invariant solutions (5.1) and (5.2) are free of pole singularities in S 0 . Additionally, for the purpose of visualization, the singularities of the function Φ (λ) and its derivatives were removed artificially by replacing the values λ = 1 by λ = 0.999. Also, since we are interested in nonlinear atmospheric modeling, without loss of generality, we further set µ = 1. We remark that if F (θ) is given by (3.1) with k = −1/2R 0 , i.e. if
then the both invariant solutions ψ [1] and ψ [2] given by (5.1) and (5.2) of the Euler equations (i.e., when R e = ∞) are also exact solutions of two-dimensional Navier-Stokes equations (i.e. when R e = ∞). The latter fact follows from direct calculations. Namely, one can check by direct differentiating that if F is given by (5.5), then the both solutions ψ [1] and ψ [2] are also the solutions of the coupled equations
which represent the "viscous corrections" in equations (1.13) and (1.14) in the case when R e = ∞. We further consider the particular case when F is given by (5.5), for which the corresponding velocity components v
For the purpose of visualization of the conserved densities associated with the invariant solutions ψ [1] and ψ [2] , the color ranges in Figures 1 and 3 were manually selected to avoid extreme values near the polar caps that would cause the plots to appear uniform. In actuality, these manually selected color ranges correspond to a condensed subset of data. By using these condensed ranges, the visualizations are better able to convey the dynamical behavior of the model, which is the main purpose of those respective figures. The value R 0 = 68.4932 has been chosen for the following reason; for a typical atmosphere, we can choose the characteristic velocity and length scale to be c 0 ∼ 10 m/s, and r 0 ∼ 10 3 (see also Table  I in Ref. [35] ) so that we have 1/R o ≈ 0.0146. A small Rossby number R 0 signifies a system which is strongly affected by Coriolis force while a large Rossby number signifies a system in which inertial and centrifugal forces dominate. As is seen from the analysis in this work, our model is related to the second situation of the large Rossby numbers. Figure 1 illustrates the conserved quantity C
1,[i]
X1 (i = 1, 2) on the truncated spherical surface S 0 corresponding to the invariant solutions ψ [1] (upper panel) and ψ [2] (lower panel), given by (5.1) and (5.2). These densities were plotted at different increasing values of time, t, to show their convergent behavior. Figure 2 is used to illustrate the convergent behavior of C 1, [1] X1 and C
1,[2]
X1 and is comprised of twodimensional plots of the latter conserved densities vs θ at the same values of time used in Figure 1 . The convergence of C 1, [1] X1 and C 1, [2] X1 is manifested in Figure 2 by comparing the scales, e.g. in panels (a) and (d). Note that for the spherical plot in Figure 1 and all spherical plots that follow, the color scale has been manually selected to produce a clear visualization of the behavior of the solutions.
In contrast with C
1,[i]
X1 , we observe the divergent behavior of the conserved density C
X4 as shown in Figures 3 and 4 . It is also remarkable that the density C 1, [1] X4 is a steady state solution (and actually C
1,[1] X4
= 0) for the given choice of F (θ), which is clearly shown in the first row of spheres in Figure 3 and the blue circles in the subplots of Figure 4 . We also observe that the conserved density C 1, [2] X4 diverges from this steady state solution with increasing time. associated with the first invariant solution ψ [1] (upper panel) to the energy density C
1,[2] X1
associated with the second invariant solution ψ [2] (lower panel) plotted on the truncated spherical surface S 0 at different values of time t for the case. (blue circles) shown as a two-dimensional plot versus θ for several values of φ ∈ (0, 2π) .
Conclusion
The present study is devoted to calculation of conserved vectors and understanding their asymptotics for the nonlinear model describing nonlinear nonstationary flows on a rotating spherical surface. The model involves finite disturbances that are superimposed to a zonally averaged mean flow having only a latitude dependence. In terms of atmospheric modeling, the exact solutions discussed here are used to describe physically relevant zonal flows. As has been discussed in [11] and [4] , under the assumption of no friction, and a distribution of temperature dependent only upon latitude and altitude, the presence of the Coriolis force creates a cyclonic rotation around the poles, i.e., west-to-east winds. The special attention in this letter was given to analyzing and visualizing the conserved densities C 1 associated with some of the known symmetries. Particularly, it has been illustrated that the asymptotic behavior of the conserved densities can differ greatly depending on the selection of symmetry and the choice of the invariant solution. However, the only choice for the function F (θ) has been made in our work. Additionally, for the purpose of illustration, the singularities associated with the invariant solutions were removed artificially by truncating the spherical layer at the two rings located in the northern and southern hemispheres so that the velocity components and pressure terms associated with the invariant solutions are free of pole singularities.
From mathematical standpoint, the velocity and the pressure terms are unbounded in the neighborhood of the pole. Unbounded terms are common in equations posed in spherical coordinates and it introduces a host of computational problems that are collectively known as the "pole problem" (see e.g., [31] for the nomenclature). The treatment of the geometric singularity in spherical coordinates has for many years been a difficulty in the development of analytic and numerical simulations for oceanic and atmospheric flows around the Earth ( [5] , [6] , [7] , [9] ). The common results on computational experiments (see e.g., [5] ; [23] ; [35] and [32] ) seem to provide credible evidence to support the assertion that singular solutions to the shallow water equations may exist on a stationary sphere. They also suggest that singular solutions are less likely on a rotating sphere. However, the experiments conduced up to the date are not sufficiently extensive to support any credible assertions about the existence or nonexistence of singular solutions to the shallow water equations on a rotating sphere. Even less is known about singular terms used on a spherical surface. The results of the forthcoming studies will appear elsewhere.
